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We establish the existence of universal G-spaces for proper actions of locally compact
groups on Tychonoff spaces. A typical result sounds as follows: for each inﬁnite cardinal
number τ every locally compact, non-compact, σ -compact group G of weight w(G) τ ,
can act properly on Rτ \ {0} such that Rτ \ {0} contains a G-homeomorphic copy of
every Tychonoff proper G-space of weight  τ . The metric cones Cone(G/H) with H ⊂ G
a compact subgroup such that G/H is a manifold, are the main building blocks in our
approach. As a byproduct we prove that the cardinality of the set of all conjugacy classes
of such subgroups H ⊂ G does not exceed the weight of G .
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Following R. Palais [24], we call an action of a locally compact group G on a Tychonoff space X proper, if every point
x ∈ X has a neighborhood Vx such that for any point y ∈ X there is a neighborhood V y with the property that the set
〈Vx, V y〉 = {g ∈ G | gVx ∩ V y = ∅} has compact closure in G . In this case X is called a proper G-space.
In this work we deal with universal proper G-spaces. Recall that a G-space Z is said to be universal for a class G-K of
G-spaces if Z ∈ G-K and for each X ∈ G-K there exists a G-equivariant topological embedding X ↪→ Z .
Here we shall consider the class G-T ychτ of all Tychonoff proper G-spaces of weight  τ , where τ is an inﬁnite cardinal.
The paper is continuation of the second author’s previous work [9]. It is our purpose to prove here that if τ is an inﬁnite
cardinal, then every locally compact σ -compact group G of weight w(G)  τ , can act on the power of the real line Rτ
in such a way that Rτ \ {0} becomes a universal G-space for the class G-T ychτ . Besides, Rτ is an equivariant absolute
extensor for all proper G-spaces having a paracompact orbit space (see Theorem 4.4 and Corollary 4.5).
It is appropriate to note that universal G-spaces were constructed earlier for different classes of G-spaces (in general,
not proper) in [16] and [15], where some equivariant versions of Tychonoff’s embedding theorem were obtained.
In the paper we suggest, for G an arbitrary locally compact group, simple objects which play the role of the real line in
the category of proper G-spaces. Recall that a compact subgroup H ⊂ G is called large whenever the coset space G/H is a
manifold (see Deﬁnition 2.1 for other equivalent properties).
For every large subgroup H ⊂ G , let Cone(G/H) denote the cone over G/H equipped with the weak (metric) topology and
with the action of G by left translations on levels. It turns out that the G-spaces Cone(G/H) are suﬃciently informative
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1160 N. Antonyan et al. / Topology and its Applications 159 (2012) 1159–1168objects. Although the action of G on such a cone is proper only outside of the vertex (unless G is compact), they provide
the simplest and very useful building material for proper G-spaces.
Our Theorem 4.1 states that on each Tychonoff proper G-space there are suﬃciently many equivariant maps into the
cones Cone(G/H) in the following sense: for every closed set F ⊂ X and any point a ∈ X \ F , there are a large subgroup
H ⊂ G and an equivariant map ϕ : X → Cone(G/H) such that ϕ(a) = 1 · H /∈ ϕ(F ). Although each Cone(G/H) is not proper
when G is non-compact, for any family of large subgroups (Hα) the G-space (
∏
Cone(G/Hα)) \ {∗}, where ∗ is the unique
G-ﬁxed point in the product
∏
Cone(G/Hα), is a proper G-space (Corollary 2.8). The universal proper G-spaces constructed
in Section 4 are namely of this form (see Theorem 4.4 and Corollary 4.5). Using fundamental results of Torunn´czyk [26] and
Anderson [3], we then show that our universal proper G-spaces are homeomorphic to Rτ \ {0} whenever the acting group
G is σ -compact (see Corollary 4.5).
Finally, thought Section 3 plays an auxiliary role in this paper, its main result Theorem 3.1, have an independent interest
and generalizes a result of Palais [23, Proposition 1.7.27]. It asserts that the cardinality of the set of all large orbit types (i.e.,
the conjugacy classes of large subgroups) of a locally compact group G does not exceed the weight of G .
2. Preliminaries
Throughout the paper the letter G will denote a locally compact Hausdorff group unless otherwise stated; by e we shall
denote the unity of G .
All topological spaces are assumed to be Tychonoff (= completely regular and Hausdorff). All equivariant or G-maps are
assumed to be continuous.
The basic ideas and facts of the theory of G-spaces or topological transformation groups can be found in Bredon [17],
Palais [24] and de Vries [27]. Our basic reference on proper group actions is Palais’ article [24] (see also [1,21,18]).
For the convenience of the reader, we recall however, some more special deﬁnitions and facts below.
2.1. Some basic deﬁnitions
If X is a G-space, for any x ∈ X we denote Gx = {g ∈ G | gx = x}, the stabilizer (or stationary subgroup) of x. If Gx = G
then x is called a G-ﬁxed point.
For a subset S ⊂ X and a subset H ⊂ G , H(S) denotes the H-saturation of S , i.e., H(S) = {hs | h ∈ H, s ∈ S}. In particular,
G(x) denotes the G-orbit {gx ∈ X | g ∈ G} of x. If H(S) = S then S is said to be an H-invariant set. The G-orbit space is
denoted by X/G .
By G/H we will denote the G-space of cosets {gH | g ∈ G} under the action induced by left translations. To avoid a
possible confusion with the subgroup H ⊂ G , we will use eH for the coset containing the unity when it is considered as a
point of G/H .
The family of all subgroups of G which are conjugate to H is denoted by [H], i.e., [H] = {gHg−1 | g ∈ G}. We will call
[H] a G-orbit type (or simply an orbit type); if H is a large subgroup then we will call [H] a large orbit type.
Since Ggx = gGxg−1 for any x ∈ X and g ∈ G , we have [Gx] = {Ggx | g ∈ G}.
Throughout the paper we are specially interested in the class G-P of all paracompact proper G-spaces X whose orbit
space X/G is also paracompact. It is still unknown whether every paracompact proper G-space belongs to G-P (see [14]
for a discussion). Here are some partial results toward this problem: a paracompact proper G-space X belongs to G-P in
each of the following cases:
• X is locally Lindelöff and G is almost connected [1, p. 3] and [14, Proposition 2];
• X is metrizable and locally separable and G is separable [14, Corollary];
• X is a topological group and G is a locally compact subgroup of X acting on it by the rule: g ∗ x = xg−1 [12, Corol-
lary 1.5].
We will denote by G-AE(P) (respectively, G-ANE(P)) the class of all G-equivariant absolute (respectively, neighborhood)
extensors for G-P . This concepts are straightforward extensions to the case of G-spaces of the corresponding concepts of
ordinary AE and ANE spaces (for the equivariant theory of retracts see, for instance, [9–11]).
2.2. Large subgroups and slices
The notion of a large subgroup of a compact group ﬁrst was singled out in 1991 by the author [7] in form of two
other its characteristic properties, namely: “G/H is a manifold” and “G/H is a G-ANR”. More systematically this notion
was studied later in [8] for compact groups, in [10] for almost connected groups, and in [13] for arbitrary locally compact
groups. Large subgroups play a central role in this paper. Let us recall the deﬁnition:
Deﬁnition 2.1. A compact subgroup H of a topological group G is called large if the quotient space G/H satisﬁes one, and
hence, all of the following equivalent properties:
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(2) G/H is a smooth manifold,
(3) G/H is a metrizable G-ANE(P).
Remark 2.2. The equivalence of these properties in the general case is proved in [13]. See [8] for compact group actions and
[10] for almost connected group actions.
We recall also the well-known deﬁnition of a slice [24, p. 305]:
Deﬁnition 2.3. Let X be a G-space and H a closed subgroup of G . An H-invariant subset S ⊂ X is called an H-slice, if G(S)
is open in X and there exists a G-equivariant map f : G(S) → G/H , called the slicing map, such that S = f −1(eH). The
saturation G(S) is called a tubular set and the subgroup H is referred as the slicing subgroup.
A fundamental result of R. Palais [24] asserts that if X is a proper G-space with G a Lie group, then each point x ∈ X is
contained in a Gx-slice; we will refer to this result as the Exact slice theorem. This result is not valid if the acting group is
not Lie (see [8] for a discussion). However, the following approximate version of the Exact slice theorem is true and it plays
a central role in our argument in Section 4:
Theorem 2.4 (Approximate slice theorem [13]). Let X be a proper G-space and x ∈ X. Then for any neighborhood O of x, there exist a
large subgroup K of G with Gx ⊂ K , and a K -slice S such that x ∈ S ⊂ O .
A weaker version of this theorem, without requiring K to be a large subgroup was obtained earlier in [2] (see also [8]
for the case of compact non-Lie group actions and [10] for almost connected group actions). In [13, Theorem 5.1] still a
more precise version of this theorem is proved.
2.3. G-cones and their products
In what follows for a given space X we will denote by Cone(X) the quotient set [0,1] × X/{0}× X . The image of a point
(t, x) ∈ [0,1] × X under the canonical projection p : [0,1] × X → Cone(X) will be denoted by tx. We will write simply x
instead of 1x and θ (think of zero) instead of 0x; this is the vertex of the cone. Analogously, for any A ⊂ [0,1] and B ⊂ X we
will write A · B = {ab | a ∈ A, b ∈ B}. We equip Cone(X) with the weak topology. Recall that a subset U ⊂ Cone(X) containing
the vertex of Cone(X) belongs to the weak topology iff p−1(U ) is open in the product [0,1] × X and there is an ε > 0 with
[0, ε)× X ⊂ p−1(U ). If U does not contain the vertex, then it belongs to the weak topology iff p−1(U ) is open in [0,1] × X .
Cone(X) endowed with the weak topology is called the cone over the space X . It is easy to see that the weak topology
of Cone(X) is weaker than the quotient topology, and the two topologies coincide whenever X is compact.
The weak topology of Cone(X) is metrizable (resp., completely metrizable) whenever X is so. More precisely, if X is
metrized by a bounded metric d with d 1, then Cone(X) is metrized by the following metric d∗:
d∗(t1x1, t2x2) =
√





Moreover, d∗ is complete whenever d is so (see [9, Proposition 2.1]).
If X is a G-space with G any topological group, then Cone(X) becomes a G-space with respect to the action deﬁned as
follows: g(tx) = t(gx); g ∈ G , tx ∈ Cone(X). If in addition X is metrized by a G-invariant metric d 1, then it is easily seen
that the induced metric d∗ on Cone(X) is also G-invariant and d∗ 
√
2.
In the sequel we shall use the metric cones over coset spaces G/H of a locally compact group with respect to its large
subgroups.
In the next proposition we shall assume that the class K of normal spaces is closed under taking Fσ subsets, and we
will denote by G-K the class of all G-spaces X such that both X and X/G belong to K.
Proposition 2.5. Let G be an arbitrary group and X ∈ G-ANE(K). Then Cone(X) ∈ G-AE(K).
Proof. Let Y ∈ G-K, B be a closed invariant subset of Y and f : B → Cone(X) a G-map. Let f1 be the composition of f and
the projection π1 : Cone(X) → [0,1]. Using normality of Y /G we can extend f1, by Tietze–Urysohn extension theorem, to
an invariant map ϕ : Y → [0,1].
Deﬁne U = ϕ−1((0,1]). Then U is an invariant Fσ -subset of Y . This yields that U/G is an Fσ -subset of Y /G . Conse-
quently, by the hypothesis, U belongs to G-K.
Further, let f2 = π2 f |U∩B , where π2 : (0,1] · X → X is the projection. Since U ∩ B is a closed invariant subset of U ∈ G-K
and X ∈ G-ANE(K), the map f2 has a G-extension F2 : V → X deﬁned on some G-invariant neighborhood V of B ∩ U in U .
Since f1(y) = 0 for every y ∈ (Y \ V ) ∩ B , the map μ : (Y \ V ) ∪ B → [0,1] deﬁned by μ|Y \V = 0 and μ|B = f1, is
continuous and G-invariant. Next, using normality of the orbit space Y /G and the Tietze–Urysohn extension theorem, we
can extend μ to a G-invariant continuous function λ : Y → [0,1].
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F (y) =
{
λ(y)F2(y), if y ∈ V ,
θ, if y ∈ Y \ V .
We emphasize that just the consideration of the weak topology on Cone(X) guarantee continuity of F . 
Corollary 2.6. Let H be a large subgroup of G. Then Cone(G/H) is a metrizable G-AE(P).
Proof. By [13, Theorem 5.3(2)], G/H is a metrizable G-ANE(P). Now the result follows from the previous proposition
because G-P satisﬁes the conditions imposed on the class G-K. 
The following proposition is proved in [4, Proposition 3.5]:
Proposition 2.7. Let {Xα | α ∈ A} be a family of G-spaces such that for any α ∈ A there exists a G-ﬁxed point aα ∈ Xα with a local
base of G-invariant neighborhoods, and such that the complement Xα \ {aα} is a proper G-space. Let X = (∏α∈A Xα) \ {a}, where
a = (aα). Then X is a proper G-space.
Corollary 2.8. Let {Hα | α ∈ A} be a family of large subgroups of G. Let X = (∏α∈A Cone(G/Hα)) \ {∗}, where ∗ = (θα) with θα the
vertex of Cone(G/Hα). Then X is a proper G-space and X ∈ G-ANE(P).
Proof. Just apply Proposition 2.7 to Xα = Cone(G/Hα) and aα = θα . This is the case since, clearly, the vertex θα has a local
base of G-invariant neighborhoods. On the other hand, the complement Cone(G/Hα) \ {θα} is a proper G-space because it
is G-homeomorphic to the product G/Hα × (0,1], and the later one is a proper G-space since G/Hα is so.
Next, by Corollary 2.6, each Cone(G/Hα) is a G-AE(P) yielding that the product
∏
α∈A Cone(G/Hα) is a G-AE(P). Now,
X is a G-ANE(P) being an open invariant subset of ∏α∈A Cone(G/Hα). 
3. The number of large orbit types
In this section we are going to obtain an upper estimate of the cardinality of the set of all large orbit types of a given
locally compact group G .
Below we shall use |A| to denote the cardinality of a set A.
Deﬁne
O(G) = {[K ] ∣∣ K is a large subgroup of G}.
Here is the main result of this section:
Theorem 3.1. The cardinality of O(G) does not exceed the weight of G.
We ﬁrst prove the theorem in two special cases, namely G compact and G almost connected, and then combine the two
to get the general result.
3.1. The case of compact groups
In this subsection G is assumed to be a compact Hausdorff group. For a ﬁxed compact normal subgroup N ⊂ G we will
consider the following subset of O(G):
ON(G) =
{[K ] ∣∣ K is a large subgroup of G such that N ⊂ K}.
Then we have the following:
Proposition 3.2. There exists a bijection ϕ : ON (G) → O(G/N).
Proof. Deﬁne the map ϕ : ON (G) → O(G/N) by the formula ϕ([K ]) = [K/N].





)= {ghg−1N ∣∣ h ∈ H}= {kN | k ∈ K } = K/N,
which precisely means that the subgroups K/N and H/N are conjugated in the group G/N , i.e., [K/N] = [H/N], as required.
Next we will see that ϕ is injective. Assume that K and H are two large subgroups of G such that N ⊂ H ∩ K and
[K/N] = [H/N]. We have to prove that [H] = [K ].







∣∣ k ∈ K}= (gN)(K/N)(g−1N) and {hN | h ∈ H} = H/N (3.2)
it then follows from (3.1) that every gkg−1N is equal to hN for some h ∈ H . This yields that for every k ∈ K , gkg−1 ∈ hN
yielding that gkg−1 ∈ H . Thus, we have shown that gK g−1 ⊂ H . Analogously one can prove that gHg−1 ⊂ K , and hence,
gK g−1 = H meaning that [K ] = [H].
To see that ϕ is surjective take a compact subgroup M ⊂ G and denote by π : G → G/N the natural homomorphism.
Clearly, K = π−1(M) is a compact subgroup of G that contains N and K/N = M . In particular, [K/N] = [M], as required. 
Corollary 3.3. |ON(G)| = |O(G/N)|.
Next for a given group G we shall denote by N (G) the set of all normal subgroups N of G such that the coset group
G/N is a Lie group.
By R(G) we denote the set of the equivalence classes of all real ﬁnite-dimensional orthogonal representations of G .
Also we shall denote by IR(G) the set of the equivalence classes of all real ﬁnite-dimensional orthogonal irreducible
representations of G .
The following result is proved in L.S. Pontryagin [25, Ch. 5, Ex. 58]:
Proposition 3.4. Let G be an inﬁnite group. Then |IR(G)| = w(G).
Since every real ﬁnite-dimensional orthogonal representation of G is uniquely represented as the direct sum of ﬁnitely
many irreducible orthogonal representations, it then follows that R(G) and IR(G) have the same cardinality whenever G
is inﬁnite. Thus, Proposition 3.4 yields the following:
Corollary 3.5. Let G be an inﬁnite group. Then |R(G)| = w(G).
Next we prove the following inequality:
Lemma 3.6. |N (G)| |R(G)|.
Proof. It suﬃces to construct a surjective map F : R(G) → N (G). To this end, for every ﬁnite-dimensional representation
α we set f (α) = kerα. Clearly f (α) ∈ N (G), and since equivalent representations have the same kernel, we infer that f
gives rise to a map F : R(G) → N (G) well deﬁned by the formula F ([α]) = kerα for every [α] ∈ R(G). Moreover, let’s
check that f is surjective. Indeed, for every N ∈ N (G) the Lie group G/N admits a topological monomorphic embedding
h : G/N ↪→ O (n) for some n  1 (see, e.g., [17, Ch. 0, Corollary 4.5]), and hence, the natural homomorphism π : G → G/N
followed by h is a continuous representation β : G → O (n) such that kerβ = N . Then f (β) = N , and hence, F ([β]) = N , as
required. 
Lemma 3.7. Let G be an inﬁnite group. Then the cardinality of the disjoint union
⊔
N∈N (G) ON (G) does not exceed w(G).
Proof. For each N ∈ N (G), the set O(G/N) is at most countable because every compact Lie group has at most count-
ably many orbit types (see [23, Proposition 1.7.27]). On the other hand, it follows from Corollary 3.5 and Lemma 3.6 that
|N (G)| w(G). Consequently, the cardinality of the set⊔
N∈N (G)
O(G/N)
does not exceed w(G).






have the same cardinality. 
Lemma 3.8. |O(G)| w(G).
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It follows from Deﬁnition 2.1(6) that F is surjective (for compact groups this is proved in [8]). This implies that the cardi-
nality of O(G) does not exceed the cardinality of ⊔N∈N (G) ON(G), which due to Lemma 3.7, does not exceed w(G). 
3.2. The case of almost connected groups
Lemma 3.9. Let G be an almost connected group and K a maximal compact subgroup of G. Then |O(G)| |O(K )|.
Proof. It suﬃces to deﬁne a surjective map f : O(K ) → O(G).
In this proof, for every subgroup H ⊂ K , we shall denote by [H]K the conjugacy class of H in K and by [H]G the
conjugacy class of H in G .
Now for every [H]K ∈ O(K ) we just set f ([H]K ) = [H]G .
Clearly, f is well deﬁned. Moreover, if [L]G ∈ O(G) then, due to maximality of K , there is an element g ∈ G such that
gLg−1 ⊂ K . Hence, f ([gLg−1]K ) = [gLg−1]G = [L]G , which proves that f is a surjection. 
Corollary 3.10. Let G be an almost connected group. Then |O(G)| w(G).
Proof. By Lemma 3.9, |O(G)| |O(K )|, where K is a maximal compact subgroup of G , and by Lemma 3.8, |O(K )| w(K ).
Since w(K ) w(G), then we get that |O(G)| w(G). 
3.3. The case of arbitrary locally compact groups
In this subsection the group G is going to be arbitrary locally compact.
We start with the following simple lemma for topological spaces:
Lemma 3.11. Let X be a locally compact totally disconnected topological space. Then the number of compact open subsets of X does
not exceed the weight of X .
Proof. Let B be a base for X such that |B| = w(X) and let K be the set of all compact open subsets of X . Then every K ∈ K
can be represented (not uniquely) as a union of ﬁnitely many elements of B. This yields that the cardinality of K does not
exceed the cardinality of the set of all ﬁnite subsets of B, which is equal to |B|. Hence, |K| |B| = w(X), as required. 
Corollary 3.12. Let G be a totally disconnected group G. Then the number of all compact open subgroups of G does not exceed the
weight of G.
Lemma 3.13. Let K be a large subgroup of G and G0 the identity component of G. Then the subgroup G0K is open and almost
connected.
Proof. Since K is large, the coset space G/K is locally connected (see Deﬁnition 2.1). Further, since the natural map
G/K −→ G/G0K given by gK → gG0K
is open, and the local connectedness is invariant under open maps, we infer that G/G0K is locally connected. On the other




Consequently, G/G0K , being the quotient space of the totally disconnected group G/G0, is itself totally disconnected.
Now, G/G0K , being locally connected and totally disconnected must be discrete, which implies that G0K is an open sub-
group of G .
To prove that G0K is an almost connected group, it suﬃces to observe that the quotient group G0K/G0 is just the image
of the compact group K under the natural homomorphism G → G/G0. 
Lemma 3.14. Let G0 be the connected component of G. Then the cardinality of the family
A = {G0K | K is a large subgroup of G}
does not exceed the weight of G.
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Observe that the map which associates to each G0K ∈ A its image π(G0K ) is bijective since π−1(π(G0K )) = G0K . Then,
|A| = |π(A)|.
Next, since π is open we see that each π(G0K ) is an open subgroup of G/G0. Besides, π(G0K ) is compact because
π(G0K ) = π(K ) and K is compact. Thus, π(A) consists of some compact open subgroups of the totally disconnected group
G/G0. Then it follows from Lemma 3.11 that |π(A)|  w(G/G0). But w(G/G0)  w(G) since π is open. In sum, we get
|A| = |π(A)| w(G/G0) w(G), as required. 
Now we are in a position to prove the main result of this section.
Proof of Theorem 3.1. Choose exactly one representative in each orbit type [H] ∈ O(G) and denote the resulting set by H.
Then, clearly, |H| = |O(G)|.
Let A be the set deﬁned in Lemma 3.14. Deﬁne a map




according the following rule: for each H ∈ H, set ϕ(H) = [H]G0H , the conjugacy class of H in the almost connected group
G0H .
Since G0H ∈ A, we see that ϕ is well deﬁned. Further, if [H1]G0H1 = [H2]G0H2 for some H1, H2 ∈ H, then clearly, [H1] =[H2]. But since H has only one representative in each orbit type [H] ∈ O(G), we conclude that H1 = H2. This proves that






Since by Corollary 3.10, |O(A)|  w(A)  w(G) for all A ∈ A, and by Lemma 3.14, |A|  w(G), we infer that
|⊔A∈A O(A)|  w(G). This, together with (3.3), yields that |H|  w(G). Finally, since |O(G)| = |H|, we conclude that|O(G)| w(G), as required. This completes the proof. 
4. Universal Tychonoff proper G-spaces
Theorem 4.1. Let X be a proper G-space, A ⊂ X a closed subset and a ∈ X \ A. Then there exist a large subgroup K ⊂ G with Ga ⊂ K
and a G-map f : X → Cone(G/K ) such that f (a) = eK /∈ f (A).
Proof. By continuity of the action, there are an identity neighborhood O and a neighborhood U of a such that O (U ) ⊂ X \ A.
By the approximate slice theorem 2.4, there exist a large subgroup K of G , a G-neighborhood W of the point a, and a
G-map ϕ : W → G/K such that a ∈ ψ−1(eK ) ⊂ U . Set S = ψ−1(eK ).
Choose a G-invariant continuous function λ : X → [0,1] such that λ|X\W = 0 and λ|G(a) = 1. This is possible because




λ(x)ψ(x) for x ∈ W ,
θ for x ∈ X \ W .
Check f is the desired map. Clearly, f (a) = λ(a) · eK = 1 · eK = eK . We must ﬁnd a neighborhood V of f (a) in Cone(G/K )
which does not meet the set f (A).
Observe that due to the equivariance of the slicing map ψ , one has the equality ψ(O (S)) = {gK | g ∈ O }. But the later
one is an open subset of G/K since it is the image of O under the quotient map G → G/K which, clearly, is open. Thus,
ψ(O (S)) is an open subset of G/K .
Therefore, the set V = (0,1] · ψ(O (S)) is a neighborhood of f (a) in Cone(G/K ). Let us show that V is the desired
neighborhood.
First we show that ψ(O (S)) ∩ ψ(A ∩ W ) = ∅. Indeed, assume the contrary is true. Then ψ(tx) = ψ(gy) for some t ∈ O ,
g ∈ G and x, y ∈ S with gy ∈ A ∩ W . By the equivariance of ψ this yields that tψ(x) = gψ(y). As ψ(x) = ψ(y) = eK it then
follows that g = hy for some h ∈ K ; so gy = thy ∈ thS . But S is K -invariant, and hence, hS = S yielding that thS = t S .
Further t S ⊂ O (S) ⊂ O (U ) ⊂ X \ A yielding that gy /∈ A, a contradiction. This proves that ψ(O (S)) ∩ ψ(A ∩ W ) = ∅.
In its turn the later one implies that the sets V and [0,1] · ψ(A ∩ W ) are disjoint in Cone(G/K ). But, since f (A ∩ W ) ⊂
(0,1] · ψ(A ∩ W ) and f (A ∩ (X \ W )) = {θ}, we infer that f (A) ⊂ [0,1] · ψ(A ∩ W ). Hence, V ∩ f (A) = ∅ yielding that
f (a) /∈ f (A), as required. 
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denote by H the resulting set of the representatives. We shall denote by T (H) the following Tychonoff product endowed





Observe that the G-space T (H) does not depend upon the choice of the set H, i.e., if H′ is another such selection of
representatives H ′ ∈ [H] then T (H) is naturally G-homeomorphic to T (H′).
Indeed, if [H ′] = [H] then there is a g ∈ G such that H ′ = gHg−1. This gives rise to a G-homeomorphism f : G/H →
G/H ′ deﬁned by f (xH) = xg−1H ′ . In turn, f admits a canonical conic extension to a G-homeomorphism f˜ : Cone(G/H) →
Cone(G/H ′). Then, clearly, this yields a G-homeomorphism T (H) → T (H′).





independently upon the choice of the set H of the representatives.
For every inﬁnite cardinal number τ we will denote by ∗ the vertex of the power T (G)τ , i.e., the point in T (G)τ each
coordinate of which is equal to the vertex of the corresponding cone. Observe that ∗ is the unique G-ﬁxed point of T (G)τ .
Below the complement T (G)τ \ {∗} will play an important role.
Theorem 4.1 implies the following:
Corollary 4.2. Let H be a set of representatives of all large orbit types of G. Then for each proper G-space X, the set of all G-maps
X → T (G) separates points from closed sets in X. More precisely, for every closed subset B ⊂ X and a point a ∈ X \ B, there exist a
G-map ψ : X → T (G) such that ψ(a) /∈ ψ(A) and ψ(a) = ∗.
Proof. By Theorem 4.1, there is a large subgroup K and a G-map f : X → Cone(G/K ) with f (a) = eK /∈ f (B). As K is a
large subgroup, there is an L ∈ H such that [K ] = [L]. Then there is a G-homeomorphism h′ : G/K → G/L with h′(eK ) = eL
and a canonical conic extension of h′ to a G-homeomorphism h : Cone(G/K ) → Cone(G/L).
Now the G-map ϕ = hf : X → Cone(G/L) satisﬁes ϕ(a) = eL /∈ ϕ(B). Let
j : Cone(G/L) ↪→
∏
H∈H
Cone(G/H) = T (G)
be the natural G-embedding (that is to say, for every x ∈ Cone(G/L) the Hth coordinate of j(x) equals θ whenever H = L,
otherwise it equals x).
Then for the map ψ = jϕ : X → T (G) one has ψ(a) /∈ ψ(B). Moreover, ψ(a) = ∗ since the Lth coordinate of ψ(a) equals
eL which is different from the vertex of the cone Cone(G/L). This completes the proof. 
Proposition 4.3. Let G be of inﬁnite weight w(G) = τ . Then:
(1) w(T (G)) w(G).
(2) T (G) ∈ G-AE(P).
(3) If G is σ -compact and non-compact, then T (G) is homeomorphic to Rτ .
(4) If G is compact, then T (G) is homeomorphic to Iτ .
Proof. (1) Clearly, w(G/H)  w(G) for every closed and, in particular, large subgroup H of G . Due to Theorem 3.1, the
cardinality of the set O(G) of all large orbit types in G does not exceed w(G) = τ , and hence, the required inequality
follows from the deﬁnition of T (G).
(2) follows directly from Corollary 2.6.
(3) Observe that each G/H , with H a large subgroup, is completely metrizable. Indeed, metrizability of G/H is shown in
[13, Theorem 4.14], and since G/H is Cˇech-complete (due to local compactness), we infer that it is completely metrizable
(see [19, Theorem 4.3.26]). Choosing some complete metric d for G/H we can deﬁne, by formula (2.1), a complete metric
d∗ for Cone(G/H) (see Section 2.3 or [9, Proposition 2.1]).
Next, σ -compactness of G yields that of G/H and, due to metrizability of the later one, we conclude that G/H is sepa-
rable. Consequently, G/H has a countable base. Further, by Proposition 2.5, each Cone(G/H) is an AR for metrizable spaces.
Observe also that each Cone(G/H) is non-compact and has the same weight as its base G/H , i.e., w(Cone(G/H)) = ℵ0.
Thus, we are in conditions to apply Torun´czyk’s theorem [26, Theorem 5.1], which yields that each countable product∏∞
i=1 Cone(G/Hi), with Hi ∈ H, is homeomorphic to the separable inﬁnite-dimensional Hilbert space l2. In turn, this yields
that T (G) is homeomorphic to the power (l2)τ because w(T (G)) = τ  ℵ0.
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R
ℵ0 . Consequently, in combination with the above homeomorphism T (G) ∼= (l2)τ , we get that T (G) is homeomorphic to the
power (Rℵ0)τ ∼= Rτ , as required.
(4) As each Cone(G/Hi) is a non-degenerate compact AR, according to a result of J. West [28], T (G) is homeomorphic to
the Hilbert cube. Therefore T (G)τ is homeomorphic to the Tychonoff cube Iτ . 
Theorem 4.4. Let τ be an inﬁnite cardinal and G a group of weight w(G) = ν . Then:
(1) Each proper G-space X of weight w(X)  τ admits an equivariant embedding to the G-space T (G)τ . If, in addition, G is non-
compact then X admits an equivariant embedding to the proper G-space T (G)τ \ {∗}.
(2) T (G)τ is G-AE(P).
(3) If G is σ -compact and non-compact then T (G)τ is homeomorphic to Rντ .
(4) If G is compact then T (G)τ is homeomorphic to the Tychonoff cube Iντ .
Proof. (1) As the G-maps X → T (G) separate points from closed sets in X (Corollary 4.2), by applying a well-known
trick [19, p. 115], we can choose a family F of G-maps X → T (G) which still separates points from closed sets and
has cardinality |F | = τ . As it is well known [19, Theorem 2.3.20], the diagonal product of F deﬁnes then a topological
embedding i : X ↪→ T (G)τ . Since all maps in F are equivariant, i is equivariant as well.
Next, assume that G is non-compact. Since an equivariant embedding preserves the stabilizer, and since each stabilizer
in X is compact, we conclude that X is embedded in fact into T (G)τ \ {∗} (use the fact that ∗ is a G-ﬁxed point in T (G)τ
and G is not compact). That T (G)τ \ {∗} is a proper G-space follows from Corollary 2.8.
(2) It follows from Proposition 4.3 that T (G)τ is a G-AE(P).
(3) That T (G)τ is homeomorphic to the power Rντ follows directly from Proposition 4.3(3), according to which T (G) is
homeomorphic to Rν .
(4) If G is compact, due to Proposition 4.3(4), T (G) is homeomorphic to the Tychonoff cube Iν , yielding that T (G)τ is
homeomorphic to Iντ . 
The following result can be regarded as an equivariant version of the classical Tychonoff embedding theorem in the
category of proper G-spaces:
Corollary 4.5. Let τ be an inﬁnite cardinal number and G a non-compact group of weight w(G) τ . Then:
(1) The proper G-space T (G)τ \ {∗} is universal in the class G-T ychτ of all proper G-spaces of weight τ ,
(2) T (G)τ is a G-AE(P),
(3) If, in addition, G is σ -compact then T (G)τ is homeomorphic to Rτ .
Proof. This is immediate from Theorem 4.4; one needs only to show that the weight of T (G)τ \ {∗} equals τ . But this
follows directly from the inequality w(T (G)) w(G) proved in Proposition 4.3(1). 
In conclusion we observe that the ambient proper G-spaces in Theorem 4.4 and Corollary 4.5 can be achieved to be
linear. More precisely we have the following:
Theorem 4.6. Let τ be an inﬁnite cardinal and G a group of weight w(G) τ . Then there exists a linear G-space L such that L \ {0}
is a proper G-space and for every proper G-space of weight w(X)  τ , there exists a G-embedding X ↪→ L \ {0}. Moreover, L is the
product
∏
j∈J L j of normed linear G-spaces L j such that the complement L j \ {0} is a proper G-space.
Proof. Due to Corollary 4.5, if G is non-compact then there exists a proper G-space Tτ of weight w(Tτ ) = τ which contains
the G-homeomorphic copy of any proper G-space of weight  τ . If G is a compact group then also there exists a (compact)
G-space Tτ of weight w(Tτ ) = τ which contains the G-homeomorphic copy of any G-space of weight  τ ; this is proved
in [6, Theorem 10] (see also Proposition 4.3(4)). Due to compactness of G , in this case also Tτ is a proper G-space.
Now, applying [5, Theorem 1.1] to the proper G-space Tτ we obtain the desired linear G-space L. 
Observe that the linearizing proper G-space L \ {0} in this theorem is not claimed to have the weight τ , and hence, it is
not a universal element of the class G-T ychτ . We refer the reader to [20, Ch. 7] and [22, Section 4] for a general discussion
concerning the existence of universal elements in various classes of G-spaces.
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